Abstract. Let K be a compact semisimple Lie group, T ⊂ K a maximal torus and O λ the coadjoint orbit of the strongly dominant weight λ ∈ Lie(T ) * . We identify O λ with the quotient G/B, where G is the complexification of K and B a certain Borel subgroup. We consider a Schubert variety X ⊂ O λ , the action of a one-dimensional subtorus S ⊂ T on O λ , and the restriction of the moment map Φ : O λ → R to X. In this paper we study spaces of the form (Φ −1 (r) ∩ X)/S, where r ∈ R. We show that they are always connected and, under certain assumptions concerning λ, S, r, and X, we describe their cohomology ring. The results can be extended to Schubert varieties in arbitrary coadjoint orbits O λ = G/P , where P is a parabolic subgroup, for example to Schubert varieties in Grassmannians.
Introduction
Let G be a complex semisimple simply connected Lie group and B ⊂ G a Borel subgroup. By definition, a Schubert variety in the flag manifold G/B is the closure of a B orbit. One can see that the B orbits, hence also the Schubert varieties, are labeled by the elements of the Weyl group W of G. In other words, any such variety can be written as X(w), for w ∈ W (for more details, one can consult for instance [Bi-La, Ch. 1]). Let us fix w ∈ W and set X := X(w).
Both G/B and X can be made into irreducible projective varieties as follows. First let K be a compact Lie group with G = K C and T ⊂ K a maximal torus whose complexification is T C , such that T C ⊂ B. Denote by t the Lie algebra of T , and pick a weight λ ∈ t * contained in the (interior of the) Weyl chamber which is fundamental with respect to the simple roots corresponding to B. Let χ λ : B → C * be the group homomorphism whose differential d(χ λ ) e : Lie(B) → C is the composition of λ ⊗ C (regarded as a C-linear function on t ⊗ C) with the natural projection Lie(B) → Lie(T C ). Consider the line bundle L λ over G/B whose total space is G×C/B, where b.(g, z) := (gb −1 , χ λ (b)z), for b ∈ B. One can show that L λ is very ample. More concretely, one can embed G/B into P(V * λ ), in such a way that L λ is the restriction to G/B of the hyperplane bundle over P(V * λ ). Here V λ = Γ(G/B, L λ ) is the irreducible representation of K of highest weight λ (for a detailed discussion, we refer the reader to [Huc, chapter V] ). Note that the projective embedding of G/B (and also of X) depend on the choice of λ. It is also important to note that X is in general not smooth. The singularities of Schubert varieties have been intensively investigated during the past decades (see for instance the survey [Bi-La] ).
Assume now that S ⊂ T is a circle. We are interested in the moment maps on P(V * λ ) arising from the Fubini-Study symplectic form on the latter projective space and the representations of T , respectively S on V * λ . One obtains nice descriptions of the restrictions of these maps to G/B ⊂ P(V * λ ) (see the previous paragraph) by making the identification G/B = O λ := Ad
where Ad * denotes the coadjoint representation of K, and k := Lie(K). Then the restriction of the T -moment map to G/B is the composition
where the last arrow is the canonical (restriction) map (for a proof one can see for instance [Huc, section 7.4] ). It is now obvious what the S-moment map is (we compose the map from above with the canonical map t * → Lie(S) * ). For further use, it is convenient to use the following notations. Assume that we have
where a ∈ t is an integral element, which is not an integer multiple of any other integral element. Denote by ν the element of the dual space (Ra) * determined by ν(a) = 1. Then the S-moment map restricted to O λ is the map Φ a ν : O λ → (Ra) * = Rν given by Φ a := Φ(·), a , where , denotes the evaluation pairing.
It is known that if X = X(w) is our Schubert variety, then Φ(X) is the convex hull in t * of Φ(X T ), where X T is the T -fixed point set of X (see e.g. section 4 of [At] or the appendix of [Ne-Mu] ). In this paper we will deal with the topology of spaces of the type (Φ −1 (µ) ∩ X)/T , where µ ∈ Φ(X), and especially (Φ −1 a (r 0 ) ∩ X)/S, where r 0 ∈ Φ a (X). Since X is in general singular, we cannot refer to those as "symplectic quotients", unless the preimages involved in the definition are contained in the open subspace X \ Sing(X) of X (this assumption, and a few more, will be made later on). Our first result states (or rather implies) that these orbit spaces are connected.
Remark. If µ is a weight vector in t * then the symplectic quotient (Φ −1 (µ) ∩ X)/T is homeomorphic to a certain Geometric Invariant Theory (GIT) quotient of the projective variety X ⊂ P(V * λ ). Concretely, one considers the character χ µ : T C → C * induced by µ and one uses it to "twist" the action of T C on the line bundle L λ (see above) as follows:
for all t ∈ T C , g ∈ G, and z ∈ C. The corresponding GIT quotient X ss (L λ )/T C is the one we were referring to before (here X ss (L λ ) is the space of semistable points of the pair (X, L λ )). It is homeomorphic to the symplectic quotient (Φ −1 (µ) ∩ X)/T by a theorem of Kirwan and Ness (see e.g. [Hu, section 1] ). The GIT quotient is connected, because X ss (L λ ) is connected (in turn, this follows from the fact that X ss (L λ ) is Zariski open in X and X is irreducible).
This gives a simple proof of the connectivity of (Φ −1 (µ) ∩ X)/T . Of course this does not imply that Φ −1 (µ) ∩ X is connected and it only works for certain µ ∈ t * (that is, if µ is a weight vector). We wanted to mention this argument because our proof (see section 2 below) does use these ingredients, together with some others, most importantly a theorem of Heinzner and Migliorini [He-Mi] . Everything we said here remains true if we replace T by S and µ by an integer number n.
Our next result gives further topological information, that is, the cohomology 1 ring, concerning the spaces X// λ S(r 0 ) :
a (r 0 ) ∩ X)/S. We can only do that under certain restrictions on a, r 0 , λ, and X. To state them, we pick a K-invariant metric ( , ) on k and we restrict it to t. We scale it in such a way that (a, a) = 1. We use it to identify t with t * , and also to embed (Ra) * into t * ; these lead to the identification a = ν.
Assumption 1. The vector a is in the (interior of the) fundamental Weyl chamber of t * .
One consequence of this is that the fixed point set
Consequently, for our Schubert variety X = X(w) we have
where "≤" denotes the Bruhat order on W . An important instrument will be the Kirwan map
a (r 0 ) ∩ X). If X was smooth and r 0 a regular value of Φ a |X, we could determine H * (X// λ S(r 0 )) by using the classical approach: use the Goresky-Kottwitz-MacPherson [Go-Ko-Ma] description of H * S (X), the fact that κ is surjective (cf. Kirwan [Ki] ), and the Tolman-Weitsman [ToWe2] description of ker κ. The upshot of our paper is that, even though the Schubert variety X is in general singular, the program from above still works, under some supplementary assumptions. The first point of the program, namely the GKM description of H * S (X), holds true without any restrictions other than assumption 1. Namely, because X is a projective variety, the restriction map
is injective. Moreover, the image of this map can be determined explicitly. The most convenient way to do this seems to be by considering first the image of the restriction map
This can be described by using Theorem 1.2.2 of [Go- Ko-Ma] , since the fixed points and the one-dimensional orbits of the T C action on X can be easily determined. Then we project the image of the map described by (1) onto v≤w H * S (vλ) via the canonical map H *
here Symm stands for symmetric algebra). The remaining two points of the program (that is, the Kirwan surjectivity and the TolmanWeitsman kernel) will be achieved under the following three supplementary assumptions.
Assumption 2. If Sing(X) is non-empty, then we have
Assumption 3. If Sing(X) is non-empty, then the minimum
We will prove the following theorems. 
and K + is defined similarly (the last condition is Φ a (vλ) > r 0 ).
Remarks.
1. Assume that Sing(X) is non-empty. The first inequality stated in assumption 4 implies that X// λ S(r 0 ) is the (genuine) symplectic reduction of X \ Sing(X) with respect to the S action. Now the space X \ Sing(X) is non-compact and the restriction of the moment map Φ a to it not proper 2 (because it is bounded, as Φ a (O λ ) is a bounded subset of R). So we cannot use this information to compute the cohomology of X// λ S(r 0 ) (we recall that for noncompact symplectic manifolds acted on by a torus in such a way that a generic component of the moment map is proper and bounded below we have Kirwan surjectivity [Ki] , the GKM picture of the equivariant cohomology [Ha-Ho] , and a certain Tolman-Weitsman formula for the kernel of the Kirwan map [To-We, section 5, Theorem 3]).
2. There exist examples of Schubert varieties which satisfy assumption 2. For example, this happens if Sing(X) consists of only one point (see the last section for a concrete example). Indeed, if this is the case, then Sing(X) = {λ}. Since a is in the fundamental Weyl chamber, the minimum of Φ a is reached at the point λ.
3. There exist Schubert varieties which satisfy assumption 3. For instance, this happens if X = X(w 0 s i ), where w 0 is the longest element of W and s i a simple reflection. Then we
can choose a such that Φ a (w 0 s i ) < Φ a (w 0 s j ), for all simple reflections s j with j = i. The assumption is obviously satisfied for any r 0 in the interior of Φ a (X).
4. All results of the paper can be easily extended to Schubert varieties in arbitrary flag manifolds G/P , where P ⊂ G is a parabolic subgroup. More exactly, Theorems 1.2 and 1.3 remain true if the weight λ is on the boundary of the fundamental chamber in t * , and a is in the interior of any of the Weyl chambers whose walls contain λ, such that assumptions 2, 3, and 4 are satisfied. We only consider the case of G/B (that is, when λ is a regular element of t * ) in order to have simpler notations.
5. Here are a few concrete examples of singular Schubert varieties X in G/P for which the methods of our paper work: G is of type B 2 or C 2 , P = B and X the (only) singular Schubert variety (see e.g. [Bi-La, Theorem 10.1.1]); G/P is the Grassmannian G 2 (C 4 ) and X the (only) singular Schubert variety. The latter example will be discussed in detail in the last section.
6. We do not know any example of a Schubert variety for which the assumptions 1 -4 cannot be satisfied by choosing λ, r 0 , and a appropriately.
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Connectivity of the preimages of Φ
In this section we will be concerned with Theorem 1.1. We mention that a similar connectivity result (for Schubert varieties in loop groups) has been proved in [Ha-Ho-Je-Ma, section 3], by using essentially the same arguments as here.
We start with some general considerations. Let Y be a Kähler manifold acted on holomorphically by a compact torus T . Assume that the action of T is Hamiltonian and let Ψ : Y → Lie(T ) * be any moment map. A point y ∈ Y is called Ψ-semistable if the intersection T C y ∩ Ψ −1 (0) is non-empty, where T C is the complexification of T and T C y is the closure of the orbit of y. We denote by Y ss (Ψ) the space of all Ψ-semistable points of Y .
Here Y min ( Ψ 2 ) is the minimum stratum of Ψ 2 , that is, the space of all points y ∈ Y with the property that the ω-limit of the integral curve through y of the negative gradient vector field −grad( Ψ 2 ) is contained in Ψ −1 (0).
Here Y ss (L) is the space of all points y ∈ Y for which there exists an integer number n ≥ 1 and a T C -equivariant section s of L ⊗n such that s(y) = 0.
Point (a) is Theorem 8.10 of [Ki] . Point (b) is a special case of the main result of [He-Mi] .
Proof of Theorem 1.1. We take µ ∈ Φ(X) and we show that Φ −1 (µ) is connected. To this end, we consider the function f : ; second, the flow φ t leaves Bw, hence also X = X(w) = Bw, invariant (because for any x ∈ Bw, the gradient vector grad(f ) x is J x (Φ(x) − µ).x, where J x denotes the complex structure at x, so grad(f ) x is tangent to Bw, as the latter is a complex T C -invariant submanifold of O λ ). We deduce that the space f
The fact that Φ −1 a (r 0 ) ∩ X is connected can be proved in a similar way.
Kirwan surjectivity and the Tolman-Weitsman kernel via Morse theory
We will prove Theorems 1.2 and 1.3. The main instrument of the proof is the function
For any number r we denote
Our first result is as as follows. 
is an isomorphism. We will need the following claim.
Indeed, we can deform Φ To be specific, we take into account that Φ a is a height function on the (co)adjoint orbit O λ , corresponding to the regular vector a ∈ t. Consequently, Φ a is a Morse function, with Crit(Φ a ) = W λ. We can find a smooth function ρ : O λ → R which is S-invariant 3 , such that if we integrate the vector field ρgrad(Φ a ), the resulting flow ϕ s , s ∈ R, satisfies
for all s ∈ (−ǫ, ǫ) and all x ∈ Φ −1 a ((r 0 − ǫ, r 0 + ǫ)). Here the gradient vectors are considered with respect to the Kähler metric on O λ . Then
a (r 0 ). Now the vector field ρ∇(Φ a ) is tangent to any Bruhat cell at any of its points (recall that the Bruhat cells are the downward cells of the function Φ a , cf. e.g. [Ko] ). Thus the flow ϕ s leaves any Bruhat cell Bv, v ∈ W , invariant. This implies that ϕ s leaves the Schubert variety X = ∪ v≤w Bv invariant. Consequently, the restriction of
gives a deformation retract of the latter space onto Φ −1
Now let us consider the long exact sequence of the triple (X, X + ∩ X − , f −1 (r 0 )). From the previous claim we deduce that the pair (X
is an isomorphism. Because α ∈ ker κ, from the long exact sequence of the pair (X, f −1 (r 0 )) we deduce that there exists β ∈ H * S (X, f −1 (r 0 )) whose image via H *
S (X, X + ) whose image via the map from the top of the diagram
X) is equal to γ. Let (α 1 , α 2 ) be the image of (γ 1 , γ 2 ) via the left hand side map in the diagram. The classes α 1 , α 2 have the property that α 1 | X − = 0 and α 2 | X + = 0. From the commutativity of the diagram we have α = α 1 − α 2 . This finishes the proof.
We will characterize K ′ + and K ′ − separately. We start with K
(ii) Take r ∈ f (X), r > maxf (Sing(X)), r / ∈ f (X S ). Then the restriction map
is injective and the canonical map
Proof. Point (i) follows from the fact that f −1 ([r 1 , r 2 ]) is contained in X \ Sing(X), thus
The latter space is compact, because it is closed in X.
(ii) To prove the first assertion, we use the inductive argument of [To-We1] (see also [HaHo, section 2]) for the smooth function −f | X\Sing(X) , starting at the minimum point wλ, where X = X(w). This works because X \ Sing(X) is a (non-compact) Kähler manifold acted on by S and having f as a moment map; furthermore, by point (i), all "necks" f −1 ([r 1 , r 2 ]) ∩ (X \ Sing(X)) involved in the argument are compact, thus we can use Morse theory (cf. e.g. [Mi] , part I, section 3). The second assertion is also proved by induction over the sublevels of −f | X\Sing(X) . To understand the situation, take r 2 > r 1 > maxf (Sing(X)) such that f −1 ([r 1 , r 2 ])∩X S = {vλ}. Then both the restriction maps H *
) and
r 2 ) are surjective, again by using an argument of for −f | X\Sing(X) . We also consider the following commutative diagram
where the map 1 is always surjective. The reason is that, by Morse theory (recall that f −1 ([r 1 , r 2 ]) ∩ (X \ Sing(X)) is compact), the excision theorem, and the Thom isomorphism, we have H *
({vλ}), and similarly if we replace T by S, hence the map 1 is just the canonical (restriction) map Symm(Lie(T ) * ) → Symm(Lie(S) * ). A hunting diagram shows that if 3 is surjective, then 2 is surjective as well. This is how the inductive process works.
Point (iii) is a straightforward consequence of the first assertion of (ii), by taking r = r 0 −ǫ.
(iv) We prove the surjectivity of κ 1 inductively, along the sublevels of the function f | X
At the first induction step, we note that for any r > r 0 , such that
as an S-equivariant deformation retract. This can be proved exactly like the claim in the proof of Lemma 3.1, but this time we also use assumption 3 (which implies that there are no critical points vλ of Φ a with r 0 −ǫ < Φ a (vλ) < r). Then we continue the inductive process by using the Morse theoretical argument of [ToWe2] , starting at the first vλ ∈ X S with f (vλ) > r 0 : this works by the same reason as at point (ii) (the "necks" are compact).
To prove that κ 2 is surjective, we show first that the map κ
surjective. This will be sufficient, because in the commutative diagram
/ / H * S (X + r 0 −ǫ ) the horizontal maps are surjective (here we have used that X is T -equivariantly formal and the second statement in point (ii) of this lemma). Take α ∈ H * T (X + r 0 −ǫ ). Assume that γ is a root and v ∈ W such that vλ and s γ vλ are the north and south pole of a T -invariant two-sphere in O λ , and they are both in X + r 0 −ǫ . Then the whole sphere is contained in X + r 0 −ǫ , because the meridians of the sphere are the gradient lines of f . Thus the class α restricted to the sphere is an element of its T -equivariant cohomology, so we must have
where vγ is the weight of the T -action on the sphere. It is easy to construct a collection (p v ) vλ∈X S of polynomials such that p v − p sγ v is divisible by vγ for any two points vλ and s γ vλ in X S and (4) p v = α| vλ , whenever vλ ∈ X + r 0 −ǫ . The collection (p v ) represents a cohomology class, call it β, in H * T (X). By equation (4), and also point (ii), we have κ 2 (β) = α. This finishes the proof.
It is now time to deal with K ′ − . Lemma 3.3. Under the assumptions of Lemma 3.1, we have K
Proof. We only need to show that
is surjective (as we can easily deduce from the GKM descriptions of H * T (O λ ) and H * T (X)) and the horizontal maps in the diagram from below are surjections.
Thus there exists β ∈ H * S (O λ ) with ı * (β) = α. By assumption 4, all points vλ ∈ O S λ with f (vλ) < r 0 + ǫ are in X. The class α, hence also β, vanishes when restricted to any of these points. Because O λ is a smooth Kähler manifold, we have β| Φ . As usually, we denote by s i the reflection of t * corresponding to the root α i , where i ∈ {1, 2, 3}. They generate the Weyl group W . To each element of W.λ corresponds a Schubert variety in G 2 (C 4 ). In this example we want to discuss the Schubert variety X corresponding to s 3 s 1 s 2 λ. This can be described explicitly as
It has an isolated singularity at the point C 2 , which is the same as the point λ on the coadjoint orbit. So assumption 2 in the introduction is satisfied (see Remarks 2 and 4 in the introduction). The image of X under the moment map Φ is the polytope generated by the elements of X T , that is by λ, s 2 λ, s 1 s 2 λ, s 3 s 2 λ, and s 3 s 1 s 2 λ.
We identify H * T (pt.) = R[α 1 , α 2 , α 3 ]. According to the GKM theorem (cf. also [Kn-Ta, section 2.1]) the T -equivariant cohomology ring H * T (X) consists of all elements of H * T ({λ}) ⊕ H * T ({s 2 λ}) ⊕ H * T ({s 1 s 2 λ}) ⊕ H * T ({s 3 s 2 λ}) ⊕ H * T ({s 3 s 1 s 2 λ}) of the form (p 1 , p 1 + α 2 p 2 , p 1 + (α 1 + α 2 )p 2 + α 1 (α 1 + α 2 )p 3 , p 1 + (α 2 + α 3 )p 2 + α 3 (α 2 + α 3 )p 4 , p 1 + (α 1 + α 2 + α 3 )p 2 + α 1 (α 1 + α 2 + α 3 )p 3 + α 3 (α 1 + α 2 + α 3 )p 4 + α 1 α 3 (α 1 + α 2 + α 3 )p 5 ), where p 1 , p 2 , p 3 , p 4 , p 5 are arbitrary elements of R[α 1 , α 2 , α 3 ]. We are able to compute the cohomology of the symplectic quotient of X with respect to some the S = exp(Ra), where a is an integral element of t. More precisely, we assume that ν = a is in one of the Weyl chambers which contain Rλ and r 0 is a real number such that r 0 ν is different from the orthogonal projection of any of the points of X T on Rν.
It is easy to see that also assumptions 3 and 4 are satisfied for any ν in the fundamental Weyl chamber and any r 0 with Φ a (λ) < r 0 < Φ a (s 3 s 1 s 2 λ). We will do the concrete computation in the case when Φ a (λ) < r 0 and the Φ a values of the other elements of X T are strictly larger than r 0 . We use the restriction map Symm(t * ) = R[α 1 , α 2 , α 3 ] → Symm((Ra) * ) = R[ν], given by α i → a i ν, 1 ≤ i ≤ 3, where a i := α i (a). Then H
